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The Riemann, Ricci and Einstein tensors for N-dimensional spherically symmetric spacetimes in 

0^ . various systems of coordinates are studied, and the general metric for conformally flat spacetimes is 

0^ ' given. As an application, all the Friedmann-Robertson- Walker-like solutions for a perfect fluid with 

an equation of state p — kp are found. Then, these solutions are used to model the gravitational 

collapse of a compact ball, by first cutting them along a timelike hypersurface and then joining 

^ ' them with asymptotically flat Vaidya solutions. It is found that when the collapse has continuous 

O , self-similarity, the formation of black holes always starts with zero mass, and when the collapse has 

' ^ ■ no such symmetry, the formation of black holes always starts with a finite non-zero mass. 
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I. INTRODUCTION 



Critical phenomena in gravitational collapse have attracted much attention lit] since the pioneering work of Choptuik 
[g|. From the known results obtained so far, the following emerges ^: Critical collapse of a fixed matter field in 
general can be divided into three different classes according to the self-similarities that the critical solution possesses. 
If the critical solution has no self-similarity, continuous or discrete, the formation of black holes always starts with 
a mass gap (Type I collapse), otherwise it will start with zero mass (Type II collapse), and the mass of black holes 
^ ; takes the scaling form 

^ ■ where P characterizes the strength of the initial data. In the latter case, the collapse can be further divided into two 
•y^ , subclasses according to whether the critical solution has continuous self-similarity (CSS) or discrete self-similarity 
^% (DSS). Because of this difference, the exponent 7 is usually also different. Whether the critical solution is CSS, DSS, 

or none of them, depending on both the matter field and the regions of the initial data space ||l[. The co-existence of 
Type I and Type II collapse was first found in the SU(2) Einstein- Yang-Mills case H, and later extended to both the 
Einstein-scalar case Q and the Einstein-Skyme case jg], while the co-existence of CSS and DSS critical solutions was 
found in the Brans-Dicke theory M . 

The uniqueness of the exponent 7 in Type II collapse is well understood in terms of perturbations [pi , and is closely 
related to the fact that the critical solution has only one unstable mode. This property now is considered as the main 
criterion for a solution to be critical |l|] . While the uniqueness of the exponent 7 crucially depends on the numbers of 
the unstable modes of the critical solution, that whether or not the formation of black holes starts with a mass gap 
seemingly only depends on whether the spacetime has self- similarity or not. Thus, even the collapse is not critical, if 
a spacetime has CSS or DSS, the formation of black holes may still turn on with zero mass. To study this problem 
in its general term, it is found difficult. Recently, we studied it for gravitational collapse of massless scalar field and 
radiation fluid ||] and lately extended it to the case of perfect fluid jl^l, and found that when solutions have CSS, the 
formation of black holes indeed starts with zero-mass, while when solutions have no such symmetry it starts with a 
mass gap. 
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Lately, there has been interest in studying critical collapse in higher dimensional spacetimcs [0. In particular, it 
was found that the exponent 7 depends on the dimensions of the spacetimes considered [|l2| . This is similar to the 
critical phenomena in Quantum Field Theory and Statistic Mechanics [|3| . 

In this paper, we shall generalize our previous studies to the case of perfect fluid in N-dimensional spacetimes. 
Specifically, in Sec. II we shall derive the general metric for comformally flat spherically symmetric spacetimes. As an 
application, all the Fricdmann-Robertson- Walker-like (FRW) solutions for a perfect fluid with a state equation p = kp 
are found, where p is the energy density of the fluid, p the pressure, and k an arbitrary constant. In Sec. Ill the main 
properties of these solutions are studied in the context of gravitational collapse, and it is found that some of these 
solutions represent the formation of black holes, due to the gravitational collapse of the perfect fluid. However, the 
mass of such formed black holes is usually infinitely large. To remend this shortage, in Sec. IV, the spacetimes are cut 
along a timelike hypersurface, and then joined to an asymptotically flat Vaidya solution in N-dimensional spacetimes, 
so the resulted black holes have finite masses. Sec. V contains our main conclusions, while in Appendix A all the 
physical quantities, such as, the Christoffel symbols, the Riemann, Ricci, and Einstein tensors, are given in terms of the 
two metric, gab, which is orthogonal to the {N — 2)-dimensional unit sphere. In Appendix B, the Christoffel symbols, 
the Riemann, Ricci and Einstein tensors in the (I-l-l)-dimensional spacetimes, gab, and the extrinsic curvature of a 
timelike hypersurface, are given in the three usually used systems of coordinates, the Schwarzschild-like coordinates, 
Eddington-Finkelstein-like coordinates, and the double null coordinates. 

II. THE GENERAL CONFORMALLY FLAT METRIC AND THE FRW SOLUTIONS IN 

N-DIMENSIONAL SPACETIMES 

The general metric for N-dimensional spacetimes with spherical symmetry can be split into two blocks, 

ds^ ^gab{x",x^)dx''dx''~C^{x°,x^)dn%^^, (a, 6 = 0,1), (I) 



V — ±J cliC lilC U&Ucti i^-UliliCilOiUilcli SpilCiH^cti L;UUlU.ili(:lLCD, U,i 

is the line element on the unit (N-2)-sphere, given by 



where {x^} = {x°, x^, 9^, 6^, ..., 0^ ^} (/^ — 0, 1, 2, ..., A^ — 1) are the usual N-dimensional spherical coordinates, dri^_2 
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The corresponding physical quantities, such as, the Christoffel symbols, Riemann, Ricci, and Einstein tensors, are 
given in Appendix A in terms of the (1 -I- l)-metric, gab- 
It can be shown that with a perfect fluid as source, the Einstein field equations, G^i^ — k [{p + p)Uf^Ui, — pg^,^], in 
N-dimensional spacetimes can be written as 

(GS] - Gj) {Gl - Gl) ~ G\G\ = 0, (3) 

p = n-' (GO + Gl- Gl) , (4) 

p = -«-iGi (5) 

2 _ gOo(G'o - G'2) /R^ 

"°"Gg + Gi-2Gr ^^' 

M, = 0, (^ = 2,3,4,...A^-l), (7) 

where k[= SttG/c*] is the Einstein constant, u^ is the velocity of the fluid. Once uq is known, the component ui can 
be obtained from the condition u\u^ = 1. It is interesting to note that these equations were first found by Walker 
in four-dimensional spacctimc |f4| . However, the above shows that they are valid even in N-dimensions, and the 
dimensional dependence of the Einstein field equations appear explicitly only when they are written in terms of the 
Ricci tensor, 



iR°-Rl){Rl-Rl)-R[Rl^O, (8) 

I 
2^ 



P=T:i^o + Rl- NRl) , (9) 



P=^[R"o + Rl-{N^ i)Rl] : (10) 

2 _ goo(^0 - -^2) f..^ 

u, = 0, {i = 2,3,4,. ..N-1). (12) 

Making the coordinate transformations, x*' — x^{t,r), x^ — x^{t,r), the metric (M can be brought into its isotropic 
form, 

ds^ = G{t, r)dt^ ~ K{t, r) [dr^ + r^df^^^j) • (13) 

Then, it can be shown that the conformally flat condition Cf^i,\s = 0, where C^^\s denotes the Weyl tensor, reduces 
to a single equation 

D,rr-—=Q, (14) 

r 

where D = [G/ KY^"^ , and ( ),r = d{ )/dr, etc. The above equation has the general solution 

D{t,r) = hit) + h{ty , (15) 

where /i and /2 are two arbitrary functions of t. Hence, there exist three possibilities, 

i)/i(0 7^0,/2(i)=0, n)/i(t)=0,/2(t)^0, ^n)/l(t)^0,/2(t)7^0. (16) 

In case i), by introducing a new coordinate i = / fi{t)dt we can bring the metric to a form that is conformally flat to 
the Minkowski metric. Thus, without loss of generality, in this case we can set fi{t) = 1. By a similar argument, we 
can set /2(i) = 1 in cases ii) and iii). Once this is done, cases i) and ii) are not independent. In fact, by a coordinate 
transform r ~ 1/f, the metric of case ii) will reduce to that of case i). Therefore, it is concluded that the general 
conformally flat N-dimensional metric with spherically symmetry takes the form 

ds^ = G{t, r) [dt^ - h^{t, r) [dr^ + r^dn%_2)] , (17) 

where 



with /i(t) ^ 0. In the following, we shall refer solutions with h{t,r) = 1 as Type A solutions, and solutions with 
h{t,r) = fi{t) + r^ as Type B solutions. When /i(i) = Const., say, /i, we can introduce a new radial coordinate f 
via the relation 



/i+r2 



(19) 



then the metric (0) becomes 



ds^ = Git, r) (dt^ - ^ ^'' _^ - f^d^l^^ , (hit) = Gonst.) . (20) 

If we further set G{t,r) = G{t), the above metric becomes the Friedmann- Robertson- Walker (FRW) metric but in 
N-dimensional spacetimes ||l^]. When /i = 0, the solutions will reduce to the ones of Type A. 

In order to solve the Einstein fleld equations (||) - (0) or (^) - (12), we need to specify the equation of state for the 
fluid, which we shall take as p = kp, where k is an arbitrary constant. Then, we find two classes of solutions, one has 
the CSS symmetry, while the other does not. These solutions are given as follows: 

Type A solutions. In this case, the solutions are given by 

h{t,r)^l, G{t,r) = {l-Ptf^, (21) 

where P is a constant, which characterizes the strength of the spacetime curvature. In particular, when P — Q, the 
spacetime becomes Minkowski. The constant ^ is a function of k and the spacetime dimension N , given by 



f = ('221 

^~ {N^3) + iN-l)k' ^ ' 

The corresponding energy density and velocity of the fluid are given, respectively, by 

Mo = (1 - Pt)^, ui = 0. (23) 

When fc = 0, {N — 1)~^, the above solutions reduce, respectively, to the one for a dust and radiation fluid, studied 
in the context of higher dimensional cosmology ll^. Except for these two particular cases, the solutions, to our 
knowledge, are new. In the following, we shall use them to model the gravitational collapse of a compact ball, and 
leave the study of their cosmological implications, together with the one of Type B solutions to be given below, be 
considered in p^ . 

Type B solutions. In this case, the condition G(t,r) — G{t), /i(i) = Const, leads to the following solutions, 

h(t,r) = -, Git) = Ucosh(wt) +Bsinh(wt)]^^ (24) 

/i +r^ 

where uo = 2-^— /i/^, A and B are integration constants, and ^ is defined by (p^). The energy density and velocity of 
the fluid now are given by 

p = kp= UkfiiA^ -B^) [^cosh(wi) +Bsinh(wi)]"^^^+^^ , 
uo = [Acos\v{ijjt) + Bsmh{ijjt)f , mi = 0. (25) 

Clearly, this class of solutions also belongs to the FRW family, but with the curvature of the (N-2)-unit sphere different 
from zero. In fact, when /i > 0, the curvature is positive, and the spacetime is close, and when /i < 0, the curvature 
is negative, and the spacetime is open. As far as we know, these solutions are new. 

It should be noted that the above solutions are valid for any constant k. However, in the rest of the paper we 
shall consider only the case where < fc < 1, so that the dominant energy condition is satisfied |1^. When A^ = 4, 
the solutions reduce to the FRW solutions, which have been studied in the context of gravitational collapse in P,10|. 
Therefore, in the following we shall assume that N ^ A. 

III. GRAVITATIONAL COLLAPSE OF PERFECT FLUID IN N-DIMENSIONAL SPACETIMES 

To study the above solutions in the context of gravitational collapse, we need first to define the local mass function. 
Recently, Chatterjee and Bhui generalized the Cahill and Macvittie mass function in four-dimensional spacetimes |18] 
to N-dimensional spacetimes [ [L9[ , 

mcB{t,r)='- -Ljd^Rl^^^ (26) 

where Vph is the physical radius defined by r^h = rhG^'^ for the metric yj^. It can be shown that this definition is 
consistent with, but not equal to, the following one. 



2m{t, r) 

'W- 

where 



1-— ^iH = -5^%'',m'^p\.' (27) 

Bnt,, 



^"^ - 2(iV-2)^(A'-i)/2' (^^) 

with r denoting the gamma function. Clearly, when A^ = 4, it reduces to the one usually used in four-dimensional 
spacetimes ^^li ^^d when the spacetime is static, it will give the correct mass of black holes in N-dimensions [ pi[ . 
Thus, in this paper we shall use Eq.(|27|) as the definition for the mass function, from which we can immediately 
localize the apparent horizons, which are given by 

g'^'^rph JpK , - 0. (29) 



Then, the mass function on the apparent horizon is given by 



Mah = -^r 



AH I 



(30) 



which is usuaUy taken as the mass of black holes in gravitational collapse. With the above definition for the mass 
function, let us study the main properties of the above two types of solutions separately. 



A. Type A solutions 



The mass function definded by Eq.(|2^) in this case takes the form 

Bn eP^r^^^ 



ra(t,r) 



2 (1 _ pt)2-C(A'-3) ' 



while Eq.(E9[) has the solution 



l\l-Pi\ 



(31) 



(32) 



which represents the location of the apparent horizon of the solutions. When ^ = 1, the apparent horizon represents a 
null surface in the (t, r)-plane, and when < ^ < 1, the apparent horizon is spacelike, while when ^ > 1, it is timelike. 
The spacetime is singular when t = 1/P. This can be seen, for example, from the Kretschmann scalar, which now is 
given by 



n = R°'^''^K 



■a^-yS 



6^2p4 )^_i^^2 



N-3 

iV-2+^(7V-2 

A=l 



A) 



(l-Pt) 



-4(1+?) 



(33) 



When P > 0, it can be shown that the singularity always hides behind the aparent horizon, and when P < 0, the 
singularity is naked. In the latter case, the solutions can be considered as representing cosmological models, while in 
the former the solutions as representing the formation of black holes due to the gravitational collapse of the perfect 
fluid. Substituting Eq.(^) into Eq.(pO|) we find that, as t — > +oo, the mass of the black hole becomes infinitely large. 
To remend this shortage, in the next section we shall cut the spacetime along a timelike hypersruce, say, r = tq, and 
then join the part with r < rg with an asymptotically flat Vaidya solution in N-dimcnsional spacetimes. 
It is interesting to note that this class of solutions admits a homothctic Killing vector, 



Co = - 



which satisfies the conformal Killing equation. 



l-Pt 

(T+OP' 



Ci = 



i + C 



Introducing two new coordinates via the relations, 

(i + OP ' ■ 

we find that the metric can be written in an explicit sclf-sinfilar form. 



.1+? 



ds^ = dr 



(^ + 1) 



-i/« 



Px 



2; 

5+1 ,-2 



dr 



[{^ + i)Px]—f^dnl^^ 



(34) 



(35) 



(36) 



(37) 



where x = i/f. 

It is well-known that an irrotational "stiff' fluid (fc = 1) in four-demensional spacetimes is energetically equal to a 
massless scalar field p2]. It can be shown that this also the case for N-dimensional spacetimes. In particular, for the 
above solutions with fc = 1, the corresponding massless scalar field 4> is given by 



± 



iV-1 



-,1/2 



k{N -2) 



ln(l -Pt) 



(38) 



where chn is a constant. 



B. Type B solutions 



The solutions in this case are given by (p4[). When /i > 0, the spacetime is close, and to have the metric real the 
constant B has to be imaginary. The spacetinies are singular when, 



1 f\B\ 



2mr, 



where n is an integer. When /i < 0, the spacetime is singular only when 



1 , fB 

H/i<o = — arctanh I — 
uj \ J\ 



(39) 



(40) 



Therefore, in the following we shall consider only the case where /i < 0. In this case, to have the energy density of 
the fluid be non- negative, we need to impose the condition B^ > A^. Then, the metric coefficent G{t) can be written 
as 



G=(B^ - A 



2\i 



^h^^Hto ~ et)], 



(41) 



where e = sign(B), and Iq is defined as 



sinh(a;io) = 



A 



(52-^2)1/2 



Clearly, the conformal factor {B^ — A^)^ does not play any significant role, without loss of generality, in the following 
we shall set it to be one. If we further introduce a new radial coordinate via the relation, 



/ h{t,r)dr = -In 



a + r 



a — r 



where a — (— /i)^'^, the corresponding metric takes the form, 

"2a 



ds^ ^ sinh2« 



? 



{to - et) 



dr - dr' 



sinh^(20 ,o2 

^2 ""Ar-2 



(42) 



(43) 



Note that in writing the above expression, we had dropped the bars from r. Then, the mass function and Kretschmann 
scalar are given, respectively, by 



"^(^' *) = ^ sinh^-i(2r) sinh«(~"3)-2 ^2^-i(^^ _ ^,) 

Ar-3 

N -2^-^{N ~2- A) 



7^ = p (iv-i) + e^ 



A=l 



|xsinh-4«+i)[2r^(io-60], 



while the apparent horizon is located at 



r = TAH = i ^{to - et). 



(44) 



(45) 



From the above equations, we can see that the solutions are singular on the hypersurface t = eto. When e = +1, 
the singularity is hidden behind the apparent horizon, and the solutions represent the formation of black holes from 
the gravitational collapse of the fiuid. When e — —1, the singularity is naked, the solutions can be considered as 
representing cosmological models or white holes. As in the type A case, the mass of such formed black holes also 
diverges at the limit t -^ +oo. Thus, to have finite masses of black holes, we also need to make a "surgery" to the 
spacetimes. This will be considered, together with the Type A case, in the next section. 

Before closing this section, we note that, when k = 1, the corresponding massless scalar field is given by 



= ± 



7V-1 



k(7V-2) 



1/2 



ln{tanh[(iV-2)(to-ef)]} + (/)o, [k ^ 1). 



(46) 



IV. MATCHING THE SOLUTIONS WITH AN OUTGOING RADIATION FLUID 



In order to have the black hole mass finite, one way is to cut the spacetimes along a timelike hypersurface, say, 
f = fo{t)i and then join the internal part with an asymptotically flat spacetimes. From Eqs.(p3) and (pq) we can see 
that the fluid is comoving in both of the two cases. Thus, the timelike hypersurface now should be given by 



r = ro = Const. 



(47) 



Then, from Eq.(B.9) we find that the extrinsic curvature is given by 



A7, = 0, K^^ - \ n sin^ {e'') Kr: = J'(ro) J(ro)^«(i), {i = 2,3,4, ...,7V- 1), 



(48) 



, fe=2 



where a prime denotes the ordinary differentiation, and 

1~ Pt, 



Fit) 
J{r) 



Type A, 



s\nh[2aC^{to~et)], Type B, 

r. Type A, 

isinh(2r). Type B. 



(49) 



There are various possiblities to choose the solutions outside the hypersurface r = r^. In this paper we shall choose 
the out-going Vaidya solutions in N-dimensions [p3| , 



ds"- = 



1 - 



2m{v) 



5 AT J 



dv^ + 2dvdR^ ~ R^dn^ 



W-2j 



(50) 



which is a particular case of Eq.(B.lO). The hypersurface r = ri^ in these coordinates is given by i? = Ro{v), or 



where r is defined via the relation 



dr 



R^R{t), v^v{t), 
, 2M(r) 



dR 



-,1/2 



JArrt" " dv 

where M{t) = m{v{T)). This equation can be also written as, 



dv, 



M{t) = 



B^R^ 
2 {-2 



v^ + 2ijR - 1 



Then, from Eq.(B.17) we find that the extrinsic curvature in these coordinates is given by 

i; vM{t) 



K^ 



V i?^-2 

{ i-1 



i^2+2= n^-'(^') K+=R\v 



,k=2 



2M{t) 



{N^3)R^-'^ 



i? , (z = 2,3,4,...,7V-l) 



Hence, the surface energy-momentum tensor, defined by p3, 

TAB = -- {[Kab] - 9AB [K]} , (A, S = 1, 2, ..., N - 1), 

K 

where [Xyis] = ^ab ^ ^ab^ \-^\ ~ 9^^[-^ab], now can be written in the form, 



TAB = cfwaWb + V 



7V-1 
.i=2 



(51) 



(52) 



(53) 



(54) 



(55) 



(56) 



where 



a^-iR-- + J'{ro)\, 

K [ V J 

77 = -^— \(N- 3)w^ + (N- 4)R - 2vR - 2vJ'(ra) + (5 - N)] , 
2iiRv I J 

WA = S:,, %)^= Jnsin2(0^) U^, (i = 2,3,...,iV-l). (57) 

To fix the motion of the shell, we need to specify the equation of state of the shell, which will be taken as 77 = aa, 
where a is an arbitrary constant. Then, Eq.(p7^) yields, 



{N - 3)i)2 - 2Rv +[N- 4(1 + a)]vR - 2(1 + 2a)J'{ro)v + (5 + 4a - TV) = 0. (58) 
Unfortinately, we are not able to solve the above equation to get v{t), except for the cases where 

N-A , , 

a^——. (59) 



In order to have the shell satisfy the dominant energy condition |17|, a is restricted to < a < 1. Then, from the 
above expression we can see that this is the case only when 4 < A^ < 8. Since the case where A^ = 4 has been already 
considered in P,ttQ|, in the following we shall exclude this case. 

A. Type A solutions 

In this case, it can be shown that Eqs.(|58|) and (|5^) have the integral, 

where 

2:EE[(^ + l)(ro-T)]«TT^ i?o = r-oP«TT^ y^el(^-4)(2."^°-")/(2«°)l, (61) 

and vq and tq are integration constants. Substituting the above expressions into Eq.(p3), we find that 

M{x) = -^^ { [2(iV - 4) - {{N - 3)2 - 1) Y] xY - 2(1 - Y)[l - {N - 3)Y]^Ro} (1 - Y)-^x^'-^-^^-\ (62) 

At the moment r — tah (or x — xah — ^Ro), the shell collapses inside the apparent horizon. Consequently, the total 
mass of such formed black hole is given by 

^ [Yah — 1) '- -' 

where Yah = e^^"'*^*^^^''"^'/^. Clearly, this mass is finite and can be positive by a proper choice of the parameter vq 
for any given ^. The contributions of the fluid and the shell to this mass are, respectively, given by, 

^shell^.r, r,N-2. ., . S^^A^ (g^r^+0^'^ [1 - (iV ~ i)Yah] ,^_,,, 

K(Yah - 1) 

From the above expressions we can see that all the masses are proportional to P, the parameter that characterizes 
the strength of the initial data of the collapsing ball. Thus, when the initial data is very weak (P ^ 0), the mass of 
the formed black hole is very small (Mbh ^0). In principle, by properly tuning the parameter P we can make it as 
small as wanted. Recall that now the solutions have CSS. 

Note that although the mass of black holes takes a scaling form in terms of P, the exponent 7 is not uniquely 
defined. This is because in the present case the "critical" solution (P = 0) separates black holes from white holes, 
and the latter is not the result of gravitational collapse. Thus, the solutions considered here do not really represent 
the critical collapse. As a result, we can replace P by any function P{P), and for each of such replacements, we will 
have a different 7 [E5[. However, such replacements do not change the fact that by properly tuning the parameter we 
can make black holes with masses as small as wanted. It should be also noted that the definition of the total mass of 
a thin shell is not unique. It is possible to use equally other definitions, such as, m^^'' = Mbh ~ it^bH' ^^^ '-'^^ final 
conclusions will not depend on them. 



B. Type B solutions 



In this case, the integration of Eq.(p8|) yields, 



2{N-3) { " ' V 2sinh(2ro) 

where 



no — ni tanh ( ti + — r-i 1 [• , (65) 



1/2 



no = (A^-2)cosh(2ro), ni = [(A^ - 2)^ cosh2(2ro) - 4(iV - 3)] ' , (66) 

and ti is an integration constant. This solution reduces to the ones studied in |^,|^ when A^ = 4. It can be shown 
that now the total mass of the black hole is given by 

., i3Arsinh^-^(2ro) {sinh [2^^^ - t)] f""^^-' ( 

Mbh = 2^-^n'^ 1 ""^ " ^ ^ ^ ^-l 

-4(A^ - 3)n4 cosh [ti + nst] sinh(2ro) cosh^ [ti + n^t] [2C\tQ - t)] 

-4(iV-3)2n^sinh(2ro)sinh[2r^(to-0] |, (67) 

where 

"■3 = „ . , .„ — r, "-4 = no cosh [ti + Tigt] - rii cosh [ti + 713^] . (68) 

2sinh(2ro) 

The contributions of the collapsing fluid and shell to the total mass of black hole are given, respectively, by 

ML - rnUrAH) ^ ^ sinh(--)(«+^)(2ro), 
rshell^.^r, uN~2, ., , 7ri?Arsinh«(^-3)+l(2^^) 



Mf^'' = AnB^R'^-'iTAHHTAH) 



Knih2^-^ 
X {mh cosh(2ro) - 2(7V - 3) cosh [h + ?i3(io - e^ra)]} , (69) 

where ^4/1 — no cosh[ii + 713(^0 — e^^'o)]- From the above expressions we can see that for any given ro, Mbh, M^^ 
and M^']|'' are always finite and non-zero. Thus, in the present case black holes start to form with a mass gap. 

V. CONCLUDING REMARKS 

The N-dimensional spherically symmetric spacetimes have been studied, and the Christoffel symbols, the Rie- 
mann, Ricci and Einstein tensors have been given explicitly in the three usually used systems of coordinates, the 
Schwarzschild-like coordinates, Eddington-Finkelstein-like coordinates, and the double null coordinates. We wish 
that this would simplify the studies of these spactimes. The general form of the metric for conformally flat spacetimes 
has been found. As an application of it, all the Friedmann-Robertson- Walker-like solutions for a perfect fluid with 
an equation of state p = kp are found. Then, these solutions have been used to model the gravitational collapse of 
a compact ball, by first cutting them along a timelike hypersurface and then joinng them with asymptotically fiat 
Vaidya solutions in N-dimensional spacetimes pSl. It has been shown that when the collapse has continuous self- 
similarity, the formation of black holes always starts with zero mass, and when the collapse has no such a symmetry, 
the formation of black holes always starts with a finite non-zero mass. This is consistent with our previous results 
obtained in four-dimensional spacetimes PJ1C|]. Thus, they provide further evidences to support the speculation that 
the formation of black holes always starts with zero-mass for the collapse with self- similarities, CSS or DSS. 

Finally, we note that none of these two classes of solutions studied in this paper represent critical collapse, as the 
"subcritical" solutions {P < 0) do not represent gravitational collapse, but rather white holes. Thus, whether the 
formation of black holes starts with zero mass or not is closely related to the symmetries of the collapse (CSS or DSS), 
rather than to that whether the collapse is critical or not. 



APPENDIX A: THE CHRISTOFFEL SYMBOLS, THE RIEMANN, RICCI AND EINSTEIN TENSORS 
IN N-DIMENSIONAL SPHERICALLY SYMMETRIC SPACETIMES 



The general metric for N-dimcnsional spacctimcs with spherical symmetry takes the form, 
ds^ = gab{x°,x^)dx''dx'' - C^{x°,x^)dn%_2, (a, b = 0, 1). 



(A.l) 



In this paper, wc shall follow the convcrtions of d'Inverno |^, except for the following: Greek indices run from 
to A'^ — 1, lower-case latin, a, b, c, d, ..., from to 1, lower-case latin, i, j, fc, Z, ..., from 2 to A^ — 1, and upper-case latin, 
A, B, C, D, ..., from 1 to iV - 1. 

It can be shown that the non- vanishing Christoffel symbols, defined by 



'^r;::A = i V" {^g.x,. + V.,A - ^.g.A,.) , (m, ^, a - 0, 1, 2, ...,N - 1), 



(A.2) 



are given by 



N 



a Nt^2 



^ be — ^ bcJ ^ a: 



Nj 



i 22 — 



iVp2 
^33 



n 

./c=3 
i-l 

n 

.k=3 



,2 tnk\ 



C ' 



sm 



2 /nk\ 



T 



AfT^2 



CC'' 



rf = -sin(^^)cos( 



N 



^)iU > i) = - cos{9') sm{ 



n 



sm 



2 /nk\ 



k=i+l 

cotan(6l^), " Tj. {j > i) = cotan(6''). 



^n - n^fa„^fl2^l ATpi 



(A.3) 



where ( )_a = 9( )/dx", i, j — 2, 3, 4, . , JV — 1, a,b,c — 0, 1, and Fg^ denote the Christoffel symbols calculated from 
the two metric gab- Note that in Eq.(A.2) the repeating indices, one is up and the other is down, do not represent 
sum. The same for the cases where the two same indices are all down. 
The Riemmann tensor, defined by, 






N-pfi 



N-pt^ N-pS Nyfi N-p5 



pM I JV p/J iv pO iV pM iV pO 

^ i/A, cr + ^ 5A ^ I'CT ^ <5cr ^ I'Ai 



(A.4) 



has the following non- vanishing components, 



nabcd — nabcd, ^2323 



it, 



aibi 



i-l 

Jlsm 

.fe=2 
i-1 



2 /'/)fc\ 



AT 



^2i2i — — 



R^jij U > «) = - 



sm 



2 /'/)fc^ 



n 

fc=2 

]J sin^ (61 



CC-ab, 



.k=2 



n 

.1=2 



sm 



2 /'/)^^ 



C^ (1 -f C'^Ca) , 



(A.5) 



where C-^ab denotes the covariant derivative with respect to the two metric gab, and Rabcd denotes the Riemann tensor 
calculated from this two metric, which has only one independent component, say, -Rqioi: 



Rabcd - i?oioi {5l5lSl5l - S"Jl5lS"^ - 5y,SX + SlS^SlS',) 
Defined the Ricci tensor as, 



N p — N nX 



^Xu ' 



(A.6) 

(A.7) 
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we find that it has the following non-vanishing components, 



""Rab = Rab -{N- 2)%^, ^^22 = COC + (TV - 3) (1 + C^''C,a) : 



c 



N 



Rii — 



n 

.fe=2 



sm 



2 /'/)fe^ 



N 



i?22, (i = 2,3,4, ...,iV-l), 



where DC = g'^^C-ab, and the 2-diniensional Ricci tensor Rab in terms of -Roioi is given by, 

Rab ^ RU - i?oioi [g'^SlSl ~ .gOi (<5«<5i + SX) + g^'S^,] . 
Then, the Ricci scalar reads 

N-2 



N 



R = R- 



C2 



[(2CnC+(7V-3)(l + C^"aa)] 



(A., 



(A.9) 



(A.IO) 



where R = g'^^'Rab, while the Einstein tensor, defined as ^G^^ = ^ R^i^ — ^'^gf^u'^ R, has the non- vanishing components, 






A^-2 
2C2 



{gah [2C7nC +iN- 3)(1 + C'-^Ca)] - 2Ca„fc} , 






22 = -2 {G'-R + (A^ - 3) [2CnC +iN- 4)(1 + C'-^Ca)]} 



AT 



(jii — 



n -^' (^0 



Lfc=2 



N 



G22, (z = 2,3,4,. ..,A^-1) 



(A.ll) 



It can be shown that when A^ = 4 the above expressions are consistent with the corresponding ones given in pffl . 

APPENDIX B: THE EXTRINSIC CURVATURE OF A TIMELIKE HYPERSURFACE IN 
N-DIMENSIONAL SPHERICAL SPACETIMES 

In this appendix, we shall give the extrinsic curvature of a timelike hypersurface in three different systems of 
coordinates, which are used very often in the laterature. They are the Schwarzschild-like coordinates, Eddington- 
Finkelstein-like coordinates, and the double null coordinates. In the following let us consider them separately. 

A. The Schwarzschild-like coordinates 



In these coordinates, the metric can be cast in the form, 

Then, the non- vanishing two-dimensional Christofell simbols are given by 

r* — ^ r'' = ?-^ r* — ^'^ 

^ tt A : ^ rr R ' *^ 4 ' 



We also have 



B 



rL 



B 

l2 



B,u Tl, 



A 



A. 



52^^'■ 



/^2 r<2 



C-ab 



C,, - ^ - ^4^") 5l5t 



+ C.r.t 



A B^ 

A rC t B,tC, 



A 



B 



■)m+^X) 



(B.l) 



(B.2) 
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+ {Cr.r-^4^~^^^]SlSl 



B 



A^ 



□C = -^ [ab [b {BC,t)^t - ^ {AC,r)^,] + {A'^B.rCr - B^A^tC,t) } 



«„.,..B^|^) (4^ 



(B.3) 



Substituting these expressions into Eq.( A.ll ) we find that the resulting expressions for the Einstein tensor are con- 
sistent with those given in ||l5|, except for the one of Gq, given by Eq.(5) in fl^, where the third term nuj' /2 should 
be replaced by nuj" /2. 

For a timelike hypersurface, 



r ^ra{t), 



the normal vector is given by 



ABC 



TT7iK'oW'5^+^^), 



" [A^^r'a{t)B^Yl^ 
where r'o(t) = dro{t)/dt. On the surface, the metric ( p3.l[ ) reduces to 

ds^\r=roit) = gABd^^d^"" = dr^ - C^ (t, ro(t)) dn%_^, {A, B = 1, 2, 3, ..., N - 1), 
where the intrinsic coordinates are chosen as {£,^} — {r, 9^, 6^, ..., 9^~^}, with r being given by 

dr= [A^^r'o{t)B^]'^^dt. 
Then, the extrinsic curvature, define by, 



Kab = -na 
has the following non- vanishing components, 
K ^^ 



92 



ra 
R 



dx^ dx^ 



g^AQ^B ~f PSg^AQ^B 



[A'^-r'o{tfB^]^^^ 



r'oit) 



,- -7 At ^■. Ar rlBBt 



A^ 






'A^^r'oitfB^' 


3/2 


+r'oit) 


h'- 


B.t] 
B 



r'oity 



r\ 



^BB,t , / n\2 



K22 = 



ABC 



v/A2 - r'o(i)2B2 
CC 



AA, 



r'oit) ^ ^C,r 



r'oity 



I\ ip JD ip 



Ku = 



roB^l - r^B^ 
nsin^(^'^) 



[B'rl + 1] , 



Lfe=2 



7^22, (^ = 2,3,4,. ..,iV-l). 



(B.4) 



(B.5) 



(B.6) 



(B.T) 



(B., 



(B.9) 
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B. The Eddington-Finkelstein-like coordinates 

In this case, the metric can be written in the form 



ds^ = e'^("''')dw \f{v,r)e'f''^'''''Uv + 2edr\ - C\v,r)dn 



^N-2i 



(B.IO) 



where e = ±1. When e = +1, the radial coordinate r increases toward the future along a ray v = Const., i.e., the 
light cone v — Const, is expanding. When e = —1, the radial coordinate r decreases toward the future along a ray 
V — Const., and the light cone v — Const, is contracting. 

The two-dimensional non-vanishing Christofell simbols in this case are given by 



■0,1) 



-V (^2i, 



/). 



r: 



-^ (24, 



f).r- 



1 r 



f{e''*f), + ee*f.,v 



(B.ll) 



Combining Eq.(A.2) and Eg. ( B. Ill' ) given above with Eq.(4) in [tt9[, we find that some non- vanishing terms of the 
Christoffel symbols are missing in ||19|]. 
We also have 
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r ; 



C.ab 



^ .v.v 



fp,v 



e-^ (e^^ 



/), 



C V 



1 r 



f{e'^f)^^ + ee^l. 



C.r \ 5151 



C,r,. - ^e-^ (e^'^/), C.J [5151 + 5151) + (C,,, - V..C,) 5151, 



UC = 2te"^Crv 



'i' (pi' 



e^fC,r) 



i?, 



0101 



„2V 



ee "^-Ip^yr - f^,rr " /V'l " 77 V',r/,r " T;f,^ 



(B.12) 



Inserting it into Eqs.(A.5) and (A. 11), we find that the resulting expressions for the Ricniman and Einstein tensors 
are consistent with the corresponding ones given in [l9[ . 

A timelike hypersurface in these coordinates can be written as 



or 



'"o(w). 



r = r(r), i; — v{t). 



On this hypersurface, the metric will reduce to the one given by Eq.( B.6 ) with r being defined by 



while its normal vector is given by 



dr = e^/^ (/e^ + 2e^) dv, 



na = e^ (-r^Q +^"^0) i 



(B.13) 
(B.14) 

(B.15) 
(B.16) 



where f = dr/dr, etc. Then, it can be shown that the extrinsic curvature tensor has the following non-vanishing 
components. 



V 2 

K22 ^C[t (fC, - i;C„) + e'^/wC,] , 



C 



Ku = 



J=2 



{l + e^'^fv^)C^r-evC,. , 

K22, (^ = 2,3,4,..., TV -1). 



(B.17) 
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C. The Double Null Coordinates 



In these coordinates, the metric can be written as, 
Then, the two-dimensional non-vanishing ChristofFel symbols are given by 

-*- vv — ^",f : -L Mil — ^",u-, 

while 



(B.18) 



(B.19) 



(B.20) 



Substituting these expressions into Eqs.( |A.3| ) - ( A.ll| ), we find that the resulting expressions are consistent with the 
corresponding ones given in [g^ for the case TV = 4. 

A timelike hypersurface in these coordinates is given by, 



u = uo{v), 



(B.21) 



or 



u = u{t), V = v{t). 



(B.22) 



On this hypersurface, the metric (B.18) also reduces to the one given by Eq.(B.6) but now with t being defined as, 



dr 



2e 



dv 



dv. 



(B.23) 



and its normal vector is given by 



na = — {~2e'^u'S:: + S, 






(B.24) 



It can be shown that in these coordinates the extrinsic curvature tensor of the hypersurface has the following non- 
vnaishing components, 



Ktt = - 2a,uU 



K22 = ^ (2C„ 
2u 



u' - e-2- 



K,,, 



n 

.k=2 



sin^ (e'') 



K22, (i = 2,3,4,...,7V-l) 



(B.25) 
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